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Grenoble INP - Univ. Grenoble Alpes

Graduate schools of Engineering and Management
@ 8350 students, 38 laboratories, 465 partner companies

@ in the Engineering and Technology area, Grenoble INP - UGA is ranked the 93rd position
worldwide, the 5th position in France, i.e., the 1st institution outside the Paris region.
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Valence, Auvergne-Rhone-Alpes region, France
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-
Valence, Auvergne-Rhone-Alpes region, France

Research group:

PhD students: Vincent Marguet, Huu Thinh Do, Minh Tuan Dinh, Bogdan Gheorghe, Cong
Khnah Dinh, Theodor Nicu, Duc Tri Vo, Huu Thien Nguyen

Master and intern students: Killian, Hugo, Trang, Hung
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Overview of professional activities

Quick overview of my research applications

Unmanned autonomous vehicles

& -

Loco Positioning node

Two Way Ranging
radio message

Input message {7, ¢, 6,4}

"

Experimental room equipped with Crazyflie client ~ Crazyradio PA
the Loco Positioning system interface USB radio dongle

" Crazyflie 2.0 with
Loco Positioning deck

Trajectory tracking simulation. Time: 0.2s

75
Generated trajectory. Time: 0

7

o5

£

5.

- E
g
<

55
5
/
>~ /
‘\ =
P ——
05 1
Positon'y m] os ¢

Position x [m]

B0 7000 7100 7200 7300 7400 7500 7600 7700
EAST
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Quick overview of my research applications

DC microgrids

DC microgrid elevator system arhitecture

(”DC breaker’,

Global
Supervisor
Controller

. EV station
ESODIMAS

Q_electrolyser
> p_storage

T_electrolyser b

O_storage

Q_station
>
T_station

p_station
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Quick overview of my research applications

Uranium Extraction-Scrubbing Operation in Control of a three-phase arc furnace producing
Spent Nuclear Fuel Treatment Process Silico-manganese

Upstream

U (95%) Pu (1%)
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Constrained control, Optimization, Flat mappings

Why optimization-based control?

Today's systems have complex architectures, are bounded by heterogeneous constraints and
have to respect challenging operational costs. Optimization based approaches, which fully
exploit changes in mission, initial condition and environment, are becoming ubiquitous.

How flat mappings can simplify the control of nonlinear systems?

Transforming them into an equivalent linear form simplifies the control design process.

In the pursuit of certificates

Formal guarantees that constrained systems meet specified performance and safety criteria.

lonela Prodan Constrained Control, Optimization and Flat Mappings April 1, 2026 7 / 40



Outline

@ Research framework
@ Constrained profile generation via flatness
o Challenges of convoluted constraints arising from flat mappings



Research framework

« ellipsoid/polytopic/zonotopic sets

« hyperplane arrangements

« set invariance, reachability

N\,

Profile/Trajectory generation

(N)MPC implementations
Feedback linearizarion (CTC, flat-based)
MIP /Potential field

hierarchical /distributed architectures

« port-Hamiltonian ) « B-spline parametrizations N
modeling P P
« Continuous constraints/cost
« Flat representations formulation

stability /robustness guarantees

« Multicopters, Unmanned Surface Vehicles

« DC microgrids

@ Port Hamiltonian modeling (Maschke and Schaft, 1992), Differential flatness (Fliess et al.,
1995), B-splines (Piegl and Tiller, Suryawan, De Dond, and Seron, 1995, 2011)

o Feedback linearization ( Charlet, Lévine, and Marino, 1989, Banaszuk and Hauser, 1995,
Devasia, Chen, and Paden, 1996, Formentin and Lovera, 2011, Mellinger and Kumar, 2011)

o Nonlinear Model Predictive Control (Mayne et al., 2000, Griine and Pannek, 2011, Alamir,
2018, Pereira, Kolmanovsky, and Cesnik, 2022, Convens et al., 2024)
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Nonlinear dynamics and its flatness property

Applying physics rules we obtain a first order differential equation representation for the system:
x(t) = £(x(t), u(t))

with x(t) € R", u(t) € R™.
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Nonlinear dynamics and its flatness property

Applying physics rules we obtain a first order differential equation representation for the system:
x(t) = £(x(t), u(t))

with x(t) € R", u(t) € R™.

The system is differentially flat if there exist z(t) € R™ s.t. the states and inputs can be
algebraically expressed in terms of z(t) and a finite number of its derivatives (Fliess et al., 1995):

X(t) = d>0(Z(t)7 Z.(t)v e az(q)(t))v £=0¢(0,6,..,00)
u(t) = ®u(2(t), 2(2), - , 29 (1)), o= 0 (0,6, 00D
where
2(t) = y(x(t), u(t), i), - -, ulD(2)).
Properties:
@ elimination of the differential equations o =9 (& uit,..ul?)
describing the system dynamics; Input/state space Flat output space
e reduction of the number of considered E=F(& ) P =y,
variables.

[ From the control viewpoint, expressing the input in terms of the flat output is a model inversion. ]
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Bspline functions and their properties

Flat output parametrization:

n
Z(t) = Z PiBi,d,((t)a Vt € [Td+177—n+1]~
i=1

—t
Bra-1,¢(t) + 755 Bring-1.¢(1)

with Bg7d,g(t)

7'£+d ‘Fz

o Buaclt)
0.4
0.2
0 51 (142 UA"\ (]4() (]4?‘
Properties [Lyche et al. 2018]:
P1) Local support, for any £ =1...n: P3) Local convexity, forany £ =1...n
Ba,¢c(t) =0,Vt & [7¢, Te4d41] ‘
. ) Z(t) = Z P,'B;’d’c(t),vt € [TZ,T[+1)
P2) Local partition of unity, forany £ =1...n: imt—d
£ P4) Smoothness: Bj g ¢(7¢) € CI97H¢ at 7y € ¢
Y Biac(t) =1, Vt € [r,7011) with multiplicity 1 and C° otherwise.
i=0—d
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Bspline functions and their properties

Flat output parametrization:

n
Z(t) = Z PiBi,d,((t)a Vt € [Td+177—n+1]~
i=1

. _ —t
with By a,c(t) = o= Bra-1.¢(t) + 7754 By a1¢(t)

0.6 Bsac(t)
0.4
0.2
“51 (147 04 (]4() ()4?l
Properties [Lyche et al. 2018]:
P1) Local support: P3) Global convexity:
Bp,q,c(t) = 0,Vt & [1¢, Toydr1] n
2(t) = Y PiBja,c(t),Vt € [1gi1,Tni1)
P2) Global partition of unity: i=1
n P4) Smoothness: B; g ¢(7¢) € C97H¢ at 7y € ¢
Z Bid,c(t) =1, Vt € [T4+1,Tnr1) with multiplicity py and C*> otherwise.

i=1
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B-spline approximations and knot refinements

How can the complexity of the B-spline curve be handled!?

LVincent Marguet, Cong Khanh Dinh, Florin Stoican and lonela Prodan: Indoor formation motion planning using B-splines
parametrization and evolutionary optimization. Control Engineering Practice, 152 (2024): 106066.
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|
B-spline approximations and knot refinements

How can the complexity of the B-spline curve be handled'?

T bounds exploiting the locality property |7
— real curve

Quasy-interpolants such as the Schoenberg operator pro- ) e s
vide simple approximations of the curve Lyche, Manni, and
Speleers, 2018:

() =D F(&a,e)Bialt) DA - (V]
i=1

B L I

@ still nonlinear in the control points but fewer constraints
@ the approximation is close to the curve, but the interpolation error bounds are conservative

Knot refinement ensures tighter approximation of the curve: 7
Qi :a,-P,-—|—(1—o<,-)P-,1 7

@ the number of variables within the optimization problem
remains unchanged (Q; depend linearly on P;)

0 05 T 5 2 25 3 35 1

@ the convex hull approximation becomes tighter (more constraints, but this is acceptable)

LVincent Marguet, Cong Khanh Dinh, Florin Stoican and lonela Prodan: Indoor formation motion planning using B-splines
parametrization and evolutionary optimization. Control Engineering Practice, 152 (2024): 106066.
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Flat systems - Applications & key idea

lonela Prodan Constrained Control, Optimization and Flat Mappings

Aerial vehicles Car-like robot/manipulator

- Microgrid elevator
ﬁ " Flapping-wing robot T
> | e
Multicopter

Offshore Crane Battery & Split-pi converter

-

Y
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Flat systems - Applications & key idea

Aerial vehicles Car-like robot/manipulator

Microgrid elevator

VTOL Tailsitter

Offshore Crane

Quadruped robot

——
——

Dynamic feedback linearization L7 —’C
. Flat representation .
% = f(x,u) . ¢ =A¢+ Bv
- Flat mappings -
Nonlinear system Linear system
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The price for linearization: convoluted constraint

The system to control now is linear...

.

x = f(x, u)

{

Dynamic feedback linearization

Flat representation

Iy

Nonlinear system

Flat

c

(=Al+Bv

lonela Prodan Constrained Control, Optimization and Flat Mappings
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The price for linearization: convoluted constraint

The system to control now is linear...

x = f(x, u)

{

Dynamic feedback linearization

Flat representation

Iy

Nonlinear system

(x,u) e B

Flat

<

¢ =A¢+ Bv

Linear system

¢, v)ev

but the constraints become convoluted!
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Brief overview on the geometric tools

Polytopic sets Zonotopic sets

AT |
/

§>

- - 05
A -« |
@ have a dual representation: @ are a Minkowski sum of generators:
o half-space:
d m
(xR :hx <, i=1... Ny} Z(Ge)={xeR? i x=c+ Y & l&l <1}
o vertex: k=1
J— m
x:{Za/v;,oz;ZO,Za;:l,i:l...Nv} 7{C}®GB00'
.. / . / . o their volume has an explicit formulation
o efficient algorithms for set containment Gover and Krikorian. 2010:
problems Gritzmann and Klee, 1994 '
@ can approximate any convex shape Vol(Z(G, c)) = Z ’det(Gjl“Jd)
Bronstein, 2008 1<j1<jprjg<m
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Brief overview on the geometric tools

How to safely and efficiently navigate in a
cluttered environment?

Hyperplane arrangements

A+ +++--)

—10
-0 -8 -6 -4 -2 0 2 4 6 8 10
ay

@ a collection of hyperplanes H,; cuts the space into a collection of disjoint, convex cells Geyer,
Torrisi, and Morari, 2008, Stanley et al., 2004:

A= | Al Al =RV

I=1...v(N) i€T

o each cell is uniquely described by a sign combination o € {—, +}"V (to select the half-space
in which it lies)

@ the cells are classified into admissible and forbidden Prodan et al., 2015.
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Constrained optimization-based control

@ Prediction model and constraints handling
e Implicit (on-line) vs. explicit (off-line) implementation

o Distributed/ hierarchical implementations

V\ //'

Np—1
argmin Vy(z(k + Np),q(k + Np)) + ; Va(@(k + s), u(k + s), q(k + s))

zk+s+1)= f(z(k-%—s),;(k +s)), s=0:Np—1,
h(z(k+ s),u(k+ s),q(k+s)) <0, s=1:Np—1.

m optimization solver

Propoi, 1963, Cutler et al., 2007, Richalet and O'Donovan, 2009, Rawlings and Mayne, 2009

subject to: {
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Constrained optimization-based control
o Non-convex constraints handling through direct and indirect methods.
Mixed-Integer Programming Collision avoidance Artificial Potential Field (AFP)

(MIP) applications Khatib, 1986
Jiinger et al., 2009

5 0 5 10 1 2 2
model of the system

reference trajectory

arg min Vi(a(k + Np), a(k + Np)) + Z Vn(w(k + ) u(k +5),q(k + 9))

z(k+s+1) f(z:k+s) u(k+s)), §=0:Np—1,
h(z(k + s),u(k+s),q(k+s)) <0, s=1:Np—1.

‘ optimization solver
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Constrained optimization-based control
o Non-convex constraints handling through direct and indirect methods.
Mixed-Integer Programming Collision avoidance Artificial Potential Field (AFP)

(MIP) applications Khatib, 1986
Jiinger et al., 2009

5 0 5 10 1 2 2
model of the system

reference trajectory

argmm Vi(z(k + Np), q(k + Np)) + Z Va(z(k + s),u(k 4 s), q(k + s))

z(k+s+1) f(z:k+s) u(k+s)), §=0:Np—1,
h(m(k+s),u(k+s q(k+s)) <0, s=1:Np—1.

‘ optimization solver
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Constrained profile generation via flatness and B-splines

Connectivity maintenance and formation control '
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Constrained profile generation via flatness

Communication-induced trajectories for multiple drones

Applications:

Quadcopter model

Position
control

@‘ L
ba, b Attltude

Py contre ol

Tdy Yds Zd

minimize Cost function (energy/time/length):
model (dynamics and system limitations)
stay in the defined area
such that waypoint constraints
communication constraints
other state/input constraints

Flat representation = Reformulation of constraints and cost =
= B-spline parametrization and know refinement =
= Differential evolution =- Profile generation
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Optimization problem for constrained trajectories generation

Multicopters trajectories generation:

m|n / £(2(6))dt (12) Cost (energy, time, length...)
#(t) Position constraint
st zi(t) CKp, 0t < T, Vi, (1b) Velocity constraint
'(t) S vmax, 0 < €< T, Vi, (1C) Angular constraint
[pi(t)] <, |6i(t)] <¢e 0Lt < Ty, Vi, (1d) )
Toin < Ti(£) < Tomaxs 0 < ¢ < Ty, Vi, (1e) Thrust constraint
pi(t )‘ < wmaxs 1Gi(t)] < wmax, 0 < t < Tf, Vi, (1f) Angular velocity constraint
p,'(O) _ po’ v,-(O) — 031, a,-(O) — 0351, Vi, (lg) In.|t|a| COnC.II?IOI"IS
pi(T¢) = pr, vi(Tr) = 03x1, a;(T¢) = 031, Vi, (1h) Final co'nd|t|ons |
||Zl(fe) _ pZP”Q < de7 e=1,..., Nyp, (li) Way-point constraint
2j(t) — zi(t) = Abh to <t< t,lc’, Vi, j, h (1)) Formation constraint
dj(t) < p, V(i,j) € L, 0< t < T, (1K) Communication constraint

2i(t) € C(U;V:"l(’),), 0<t< Ty, Vi, (1)) Obstacle avoidance

[Differential evolution is employed for solving the nonconvex optimization problem. ]

Marguet, Vincent, Cong Khanh Dinh, Florin Stoican, and lonela Prodan. " Indoor formation motion planning using B-splines parametrization and
evolutionary optimization.” Control Engineering Practice 152 (2024): 106066.
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How to handle the intricate challenges of convoluted constraints arising from flat mappings?

A multicopter application '

lonela Prodan Constrained Control, Optimization and Flat Mappings April 1, 2026 19 / 40



Model Predictive Control for multicopter navigation

Reference Remarks
NMPC with FL local controller, com-
Nguyen, Prodan, and Lefevre, 2019 putationally complex
fast NMPC with stability, feasibility
Gomaa et al., 2022 guaranteed, strict tuning
Positi : QP-MPC in the flat output space, with
osttion Mueller and D’Andrea, Do and Pro- | o\ oluted constraint approximation.
control dan, Lu et al., 2013, 2023, 2017
Explicit solution (PWA) of Bézier
Liu, Lu, and Chen, 2015 curves, no stability analysis and con-
straint characterization
Explicit MPC; Roll, pitch angles ~ 0
Jiajin et al., 2017
. NMPC, stability and feasibility guaran-
Attitude Nguyen, Prodan, and Lefévre, 2020 tee.d, <Eonser.vative constraints charac-
control terization with CTC local controller
Low-cost NMPC, suboptimal formula-
Zanelli et al., 2018 tion, hovering point approximation
Roll, pitch angles =~ 0; Soft constraint
Wang et al., 2021
Learning MPC, robust disturbance re-
Full Torrente et al., 2021 jection, lack of theoretical guarantees
dynamics Finite horizon LQR for the approxi-
gggg"' Abdulrahim, and Forbes, | mated dynamics, constraints neglected
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Differential flatness? - a linearization tool

£=0¢(0,6,..,00)

u=2ao, (a',n'm, ...,a(q“))

@ Elimination of the differential
equations.

@ Reduction of the number of
considered variables.

o Inverse dynamic: expression of the

o =0 (& ui,..,ul?) input in terms of the flat output.

Input/state space Flat output space

é = f(é u) U,gpi) =V

2Fliess, M., Lévine, J., Martin, P., & Rouchon, P. (1995). Flatness and defect of non-linear systems: introductory theory and
examples. International journal of control, 61(6), 1327-1361.
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Differential flatness? - a linearization tool
£=0¢(0,6,..,00)
u=2ao, (6’,&1 ...,a(q“))

@ Elimination of the differential
equations.

@ Reduction of the number of
considered variables.

o Inverse dynamic: expression of the
o =0 (& ui,..,ul?) input in terms of the flat output.

Input/state space Flat output space

é: f(é u) U,gpi) =V

. U’fd (0% 5 ~ AapproxE + Bappmxu Simple constraints
< 3 L L
) but sensitive to uncertainties

Constraint: U €U due to model approximation
§=1f(§ u)
Constraints : u € U
S Precisely handle the model
’ I’) 6 = Ao + Bv but the constraints will be complicated

Constraint : (0’, V) eV

2Fliess, M., Lévine, J., Martin, P., & Rouchon, P. (1995). Flatness and defect of non-linear systems: introductory theory and
examples. International journal of control, 61(6), 1327-1361.
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Constraint deformation: an eternal rival of feedback linearization

@ In general, feedback linearization will alter the constraints’ description in a nonlinear and
convoluted manner.

@ The main challenge resides on the constraint satisfaction not only for the new input but also
for the new state variables.

Input/state space Flat output space
£ =f(¢ ) o = Ao + Bv
uel (o.v) eV
/_—\a
u v
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Constraint deformation: Quadcopter position control case

Particularly for the quadcopter position control problem, the new nonlinear constraints involve
only the new input in the flat output space.

Input/state space Flat output space
E - f(Ea U) o=v
ucl vey,

= __ =
'(.é__}\i
V

Figure 1: Constraint deformation due to the flatness-based coordinate change

How to exploit the linearized dynamics and tackle the distorted constraint at the same time?
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Constraint deformation: Quadcopter position control case

Particularly for the quadcopter position control problem, the new nonlinear constraints involve
only the new input in the flat output space.

Input/state space Flat output space
E - f(&a U) o=v
ucl vey,

= __ =
'&g_}\i
'¥/

Figure 1: Constraint deformation due to the flatness-based coordinate change

How to exploit the linearized dynamics and tackle the distorted constraint at the same time?

’ = Model Predictive Control: a constraint-handling framework.
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Quadcopter’s position control problem with flatness

Consider the translational dynamics of a quadcopter: z

X T (cos ¢ sin 6 cos1p + sin ¢sin)
y| = | T(cos¢sinBsiny —singpcosy) |,
z T cos¢pcost — g . % \

u=[T 60T €UL{0<T < Trmax, |8 < Smaxs |0] < Omax}

where x, y, z: position components of the drone; T: the thrust provided by the propellers; ¢, 6, :
the roll, pitch and yaw angles of the drone, respectively.

lonela Prodan Constrained Control, Optimization and Flat Mappings
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_ Challenges of convoluted constraints arising from flat mappings
Quadcopter’s position control problem with flatness

Consider the translational dynamics of a quadcopter: z
X T (cos ¢sin 6 cosyp + sin psin)
y| = | T(cos¢sinfsinyp —sinpcosv)) | ,
z T cos¢pcost — g

X y

u=[T ¢ 0]T €UL{0<T < Tonax s [¢] < bmax, [0] < Omax}
where x, y, z: position components of the drone; T: the thrust provided by the propellers; ¢, 6, v:
the roll, pitch and yaw angles of the drone, respectively.
With the flat output & = [01,02,03] T 2 [x,y,2]", we have

The flat representation: The linearizing law:

X =01,y = 02,z = 03, u=py(v)
T=/62+83+ (53 +8)2,

¢ = arcsin ((61sinY — Gpcos®)/T),

0 = arctan ((61 cos ) + G2 siny) /(63 + g)),

T =\/v+vi+(s+g)>
¢ =arcsin((visiny — vacosp)/T),
6 =arctan((vicosy + vasiny)/(vs + g)),

Y
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Quadcopter’s position control problem with flatness

Consider the translational dynamics of a quadcopter: z
X T (cos ¢sin 6 cosyp + sin psin)
y| = | T(cos¢sinfsinyp —sinpcosv)) | ,
z T cos¢pcost — g N %

u=[T ¢ 0]T €UL{0<T < Tonax s [¢] < bmax, [0] < Omax}
where x, y, z: position components of the drone; T: the thrust provided by the propellers; ¢, 6, v:
the roll, pitch and yaw angles of the drone, respectively.
With the flat output & = [01,02,03] T 2 [x,y,2]", we have

The flat representation: The linearizing law:

X =01,y = 02,Z= 03, u=y(v)

T:\/&§+&§+(&3+g)2, T =/vB+vi+(vs+g)?
¢ = arcsin ((G1siny — g2 cosp)/T), ¢ =arcsin((visiny — vacosvp)/T),
0 = arctan ((61 cos® + Fasin) /(63 + g)), 0 =arctan ((v1cost) + vasineh)/(vs + g)),

[I>

The linearized dynamics with the new input set V:

01 = V1,02 = V2,03 = V3,
v=[vi,n,v] V2 {ve R : oy (v) eu}
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Input constraint sets in the flat output space

0 \/V12+V22+(V3+g)2 Tmax
VE V[ —bmax| < arcsin ((visiny — vacos)/T) < | Pmax
—Omax arctan ((v1 cos ¢ + vasine)/(v3 + g)) Omax
The constraint set V has the following disadvantages®:
o Non-convexity;
@ 1-dependence, which means V is time varying during the drone's navigation.
Proposition: Consider a convex subset of V), denoted as V.:

Ve {ver: [v%+v§+(va+g)2fT3nax

1 F 5T g e ] S 0 Emax & min(mae Gmae) and vs > —g}

U3

Lo 403 — (03 + g)* tan® €0, < 0
and v > —g v+ ed+ (s +9)° ~Thuy <0

maz S

3Nguyen, N. T., Prodan, I., & Lefévre, L. (2018, June). Effective angular constrained trajectory generation for thrust-propelled
vehicles. In 2018 European Control Conference (pp. 1833-1838). IEEE.
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_ Challenges of convoluted constraints arising from flat mappings
Quadratic Program MPC with the input polytopic approximations

B={lvi,v2, 3] € R®: |vj| < i}

MPC formulation in the flat output space:
Np—1 )
. 2 2
arg min Z ||§i+k||Q+ lvigkllz + H§k+N,,

Vi VktNp—1 g P

st &iiqr = Abis + BVipki €pn, € X vigk € Ve/B, i €{0,1,...,N, —1}

where £, = [y, 04]T €R® v, = [Vi,ks vo,k, V3,k]T € R3 denotes the state vector, and the new
input at time step k.
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_ Challenges of convoluted constraints arising from flat mappings
Explicit MPC - problem statement

Denote v*(:|€,) as the optimal sequence of v; i in the MPC problem, then its solution can be
represented as a piece-wise function of £, as follows Bemporad et al., 2002:

(FLéy + n1i €] méy + ary + B1) €k € Ru;
(v (-1&0): I (&) = (2)
JE{L, M} (Fmé + pmi € Y€ + améy + Bu) &k € Ru-
where R; = {& : Hj§ < h;}, the j-th polyhedral critical region, together with the parameters
Fj, 1j,7j, o, Bj are numerically available within the parametric programming framework Borrelli,
Takdcs et al., Zeilinger, Jones, and Morari, 2003, 2016, 2011.

Input action

0s o 05 -1 15
State space

State space
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_ Challenges of convoluted constraints arising from flat mappings
Explicit MPC - the first simulation test

Table 1: Simulation result with Explicit MPC

System  Prediction Number of Offline Avg. online Storage

size horizon critical regions = computation computation size
time time
~ 24 hours | 1318.5 (ms)

position(m)

time (s)

2000

1800

1600

1400

1200

Online
computation time(ms)

1000
0 10 20 30 40 50 60

time (s)

Figure 3: Simulation result with the explicit MPC
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Challenges of convoluted constraints arising from flat mappings

Explicit MPC - problem decoupling

Taking advantage of the three independent
double integrators, we consider a set B as:

B={[vi,w,w] €eR3:|vj| < ¥}

Figure 4: Largest box B inside V.

(61 =vist vl <w.i€{1,23})

Table 2: Parameters for simulations and experimental tests

Parameters Values
Tmax 1.45g ~ 14.22 m/s?
€max 0.1745 rad (10°)
Sampling time ts 100 ms
Vi, Vo, V3 0.8154,0.8154,3.27

Three double integrators with three indepen-
dent constraints!

lonela Prodan Constrained Control, Optimization and Flat Mappings

April 1, 2026 29 / 40



Simulation results

[—Explicit MPC (N, = 30) - - -Bxplicit MPC 6D (N, = 2) —— Implicit MPC 6D (I, = 30)]

time (s)
——— Explicit MPC (N, = 30) ~-rer Explicit MPC 6D (N, = 2)) —— Implicit MPC 6D (N, = 30) _* Initial state
4 — —
= : T =
— 05 o
@
~
E o .
=
& sl 4

Figure 5: Stabilization with different MPC

schemes.

Prediction Number of Computation Avg. online Storage
horizon critical regions  time computation time size
6D 2 49897 ~ 24 hours 1318.5 (ms) 96 MB
6D
(altets) 30 - - 11.63 (ms) -
(2D)? 30 (103,103,11) < 5 minutes 0.3385 (ms) 0.11 MB
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Challenges of convoluted constraints arising from flat mappings

Experimental results

ExMPC (N, = 30)
ExMPC (N, = 50)
EXMPC (N, = 100)
IMPC (N, = 20)
ExMPC (Ref. 1)
ExMPC (Ref. 2)

10! 10° 10t 10?
Average computation time [ms] (logarithm scale)

ExMPC (N, = 30)
ExMPC (N, = 50)
ExMPC (N, = 100)
IMPC (N, = 20)
ExMPC (Ref. 1)
ExMPC (Ref. 2)

I
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

RMS tracking error [m]
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https://drive.google.com/file/d/1PNEwQmGQaW-T27zy37hL45jkAope7jxM/view?usp=sharing

How to handle the intricate challenges of convoluted constraints arising from flat mappings?

MILP representation of a ReLU-ANN '
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_ Challenges of convoluted constraints arising from flat mappings
Flatness-based control

Flatness-based control includes coordinate change to linearize the system in closed-loop. The
convoluted constraints in the new coordinates are usually handled:
o offline with constrained trajectory generation Mellinger and Kumar, Houari et al., Diwold,
Kolar, and Schéberl, 2011, 2011, 2022.
@ online with convex inner approximations such as hyperbox Greeff and Schoellig, Nguyen,
Prodan, and Lefevre, 2018, 2020, polytopes Do and Prodan, Faiz, Agrawal, and Murray,
2023, 2001, or super-ellipsoids Morio et al., 2008 for particular applications.

Greeff, M., & Schoellig, A. P. (2018)*

Morio, V. (2009)°
Do, H. T., & Prodan, I. (2023)°

LGreeff, M., & Schoellig, A. P. (2018). Flatness-based model predictive control for quadrotor trajectory tracking. In 2018
IEEE/RSJ International Conference on Intelligent Robots and Systems, |EEE.

2Do, H. T., & Prodan, I. (2023). Indoor experimental validation of MPC-based trajectory tracking for a quadcopter via a flat
" NP o Cantral Canfaranca IFFF
Constrained Control, Optimization and Flat Mappings April 1, 2026 33 / 40
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Convoluted constraints by feedback linearization

Differentially flat systems Fliess et al., 1995
A system is differentially flat if and only if it is endogenous dynamic feedback linearizable. J

{)'(:f(x, u), {2:Az+Bv,
[®(z,v)|<T

®(z,v) = -1

reference

The linearized dynamics: z = Az 4+ Bv
Controller |V u | .
—T ®(z, v) x = f(x,u)

ooz v = 1
1 — .

Fliess, M., Lévine, J., Martin, P., & Rouchon, P. (1995). Flatness and defect of non-linear systems: introductory theory and
examples. International journal of control, 61(6), 1327-1361.
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Convoluted constraints by feedback linearization

Differentially flat systems Fliess et al., 1995
A system is differentially flat if and only if it is endogenous dynamic feedback linearizable. J

{)'(:f(x, u), {2:Az+Bv,
[®(z,v)|<T

®(z,v) = -1

reference

The linearized dynamics: z = Az 4+ Bv
Controller |V u | .
—T ®(z, v) x = f(x,u)

ooz v = 1
1 — .

How to approximate the convoluted constraint and
keeping the online control algorithm tractable?

Fliess, M., Lévine, J., Martin, P., & Rouchon, P. (1995). Flatness and defect of non-linear systems: introductory theory and
examples. International journal of control, 61(6), 1327-1361.
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_ Challenges of convoluted constraints arising from flat mappings
Our general idea for neural network-based inner approximation

reference The linearized dynamics: z = Az 4+ Bv
u

Controller P4 d(z,v) x = f(x, u) —|
f i z

Constraint: |u] < @

@ Approximate the mapping ®(z, v) by a neural
network ®yn(z, v);

@ Suppose that: sup |®(z,v) — yn(z, V)| <,
impose the constraint:

|¢NN(Z, V)| =U—c€

|¢NN(Z, V)| S u—e. (*)

d(z,v)=—10

#Huu-Thinh Do and lonela Prodan. On the constrained feedback linearization control based on the MILP representation of a
ReLU-ANN, accepted to IEEE Control Systems Letters, 2024.
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_ Challenges of convoluted constraints arising from flat mappings
Our general idea for neural network-based inner approximation

reference The linearized dynamics: z = Az 4+ Bv
u

Controller P4 d(z,v) x = f(x, u) —|
f i z

Constraint: |u] < @

@ Approximate the mapping ®(z, v) by a neural
network ®yn(z, v);

@ Suppose that: sup |®(z,v) — yn(z, V)| <,
impose the constraint:

|¢NN(Z, V)| =U—c€

‘¢NN(Za V)| S u—e. (*)

d(z,v)=—10

[If ®py is a ReLU-ANN, (%) are mixed-integer linear constraints“.J

“Huu-Thinh Do and lonela Prodan. On the constrained feedback linearization control based on the MILP representation of a
ReLU-ANN, accepted to IEEE Control Systems Letters, 2024.
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Convoluted constraints replaced by mixed-integer linear constraints

0
3
zZ--0 0 v
Node 1 Node nj

Layerkoo OO

(O] (O)®)

u= yK
Given a network ®pp(z, v), the two following constraints are equivalent:

yo=[z,v]T, ke {1,..,K—1},j € {1,...,n},
Wk k71+bk,yk_yk)7k>0yk>0

ak € {0,1},yf < Ufak,y Jk L1~ af),
K:WK K— 1+bK,‘y ‘

[Pwn(z, V)| ST —€ & < _
<a

€,

and

[Onn(z, V)| ST —e=|0(z,v)| <@
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Challenges of convoluted constraints arising from flat mappings

Integration to optimization-based control

reference -
z=Az+ Bv -
MIP-based y lu| < T Nonlinear
controller T ®(z,v) > system
|[Pun(z, v)| < d—e X = f(x, u)
f i

The tracking in the linearizing space can be handled by moving horizon MIP-based controller:

v = argming ) Splo | Uz(tlkts), v(tlkts))

[Py (z(t|kts), v(t|kts))| < 0 — e, — mixed-integer linear constraints
z(t|(k + 1)ts) = Agz(t|kts) + Bgv(t|kts), — linearized dynamics
z(t|kts) € Xz, k € {0,..., N, — 1}, — state constraints!

N, is the prediction horizon, ts is the sampling time, £(z(t|kts), v(t|kts)) is some cost function to
minimize.
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_ Challenges of convoluted constraints arising from flat mappings
Longitudinal set-point tracking of an aircraft
Consider the dynamics Nicotra and Garone, 2018:
& = (—diL(a) + udy) cos a,
s.t |U| <ua<as,
where L(a) =l + ha — a3 is the lift force generated by changing «, Iy, h, |3, d1, d» are the
system’s constant parameters, as = \/h/(3k), T are the input amplitude bound.

L)

— —
dq cos
dg cos

mg

= Feedback linearization solution: v £ (—d;L(a) + uds) cos .
The control problem becomes:

G =v, st ’d{l(v/cosoc-i-dlL(oe)) <7 and a < as.

non-convex constraint: |®(a,v)|<a
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Example
Consider a network of 1 hidden layer consisting of 3 nodes to approximate the function:
®(a,v) = dy }(v/cosa + diL(a)).

o Approximating! network ®(a, v) with ®yy(a, v), we have:

‘I’Q 0 yl—a<W1 +b1>

v
@ dyn(a, v) = W2yt + b2,

«

6.9544 —0.7445
—7.0939  0.0354 | ,W?=[-15659 —1.2676 2.1689)],
42001  —0.0208

b! = [14.9468 1.4271 0.8521], b> = 23.6044.

@ Then the control problem is recast into:
a=v,
[Pyn(a,v)| < T —e€and a < as,
with 7 = 4,e = 0.1897.

The neural network regression was done with fitrnet method of MATLAB
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Challenges of convoluted constraints arising from flat mappings

Simulation result®

u (10°N)

Numerical specifications and simulation results

N, | Sampling time ts | Max CT | Mean CT No. binary variables Solver
15 50 ms 38.6ms | 30.8ms | Npx > r ' ng=45 | Gurobi

5Animated with: “Draw a 3D airplane”, Chad Greene (2024), MATLAB Central File Exchange. Retrieved May 26, 2024.
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